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AN INCOMPLETE LIPSCHITZ-HANKEL INTEGRAL OF K, R
PART 11 G,

INTRODUCTION o,

An incomplete Lipschitz-Hankel integral of cylindrical functions of order zero, C,, may be in‘:
defined by 8.5, 6us™

Cola. 2) = [ erCo(nar

Of interest in applications are the functions J, (a, 2), I, (a, 2), Ne,(a, 2), and K, (a.z) where J

denotes the Bessel function of the first kind, / denotes the modified Bessel function, N denotes the
Bessel function of the second kind or Neumann function, and K denotes the MacDonald function or
Bessel function of imaginary argument. J, (a, z) and N, (a. z) occur in problems in the theory of dif-

fraction in optical apparatus [1, p. 227]. The function I.(a, z) plays an important role in the study of

oscillating wings in supersonic flow and arises in the study of resonant absorption in media with finite
dimensions [1, p. 195]. K, (a, z) occurs when the statistical distribution of the maxima of a random

function is applied to the amplitude of a sine wave in order to calculate the distribution of its ordinate.
This latter distribution is of interest in the study of the scattered coherent reflected field from the sea
surface [2].

In this report we are interested in

K,o(a, z2) = J:)z e Ko(t)de

It is shown in Ref. 3 that K, (a, z) can be represented in closed form in terms of elementary, Mac-
Donald, and Kampé de Fériet double hypergeometric functions when lal < 1,a # +1:

1 ., 3 3 a*2 7 3 a2
K, (a,2) =zK(z) lez,l.z.z. 7 41 aMll.l.2 1 a . a’l
1 1 3 a%2? 22 a’z 5 a'z!
+ — PR —_— —— — — v e
z Ky(2) L[2,l.2.2. YRR 3Ml2 1,22, 3 a’l
+ (1 —-a) " sin'a (1)

Here, following the notation of Srivastava and Panda [4, p. 63] L and M are Kampé de Fériet func-
tions defined by
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Ll) —: a; B
Llaﬁy.Bxyl—ono I Ix] < oo, lyl < oo
1.0l la : — B
M[a.ﬁy.bxyl—F”o L g XY x| < o0, |yl <1
We remark that the exact region of convergence for Kampé de Fériet functions may be determined by N

using Horn’s theorem for double series.

Equation (1) can be used together with properties of L and M (see Ref. 3) to give the well-
known results

K. (1,2) =z exp (2)[Ky(2) + K(2)] -1 (2)
K, (=1, 2) = z exp (=2)[Ko(2) ~ K\(2)] + 1 3)

Here the former result is known as King's Integral (1914).
DEFINITIONS AND PRELIMINARY RESULTS

It is the purpose of this report to give representations for K,o(a. z) that are valid in the finite
complex a-plane, i.e., to extend Eq. (1) outside the unit disk. To this end we define

0:2:1 —:a.B;y;
Qla.Boyimwhix )= F o ol 0y %y Ix| < oo, Iyl < o

and make the following observation:

Mla. 1. y. 8, x, t] = 1 + oF[—: 8, x] {,Fila, 1. y; ] — 1}

a!x

“00[

(@men (D, ()" "
(Ymena 8y m' !

Mia. liy. 8.0, 1l = § 5

me=0 n=0

= (), (1), 1 Xt
'HE; ), 7 é:(, (5, &'

= (a),(1) = K
-1+2.ﬂ’__’;_’:_[0pl[_.‘8.‘x]_z 1 x°
- O, '

= & a0,
=1 +oFl- 8 xl GAla iyl -1l -F % (;’) = #
& .

X
p=l kmp+l k

e Pl s"‘g.;-.Ss'u'm-‘;-,fq f._fi.'f é '4- ; -; LoV T * ; R, a»r\f\:\f«\ 2R RN N
ﬁhh" 4 5@ h"“
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Calling the latter double sum § we have

ke i (a)p+|(l)’+| t’+l xk

s- %

p=0 k=p+2 o1 B, (p+ 1N K

- i = (a),,ﬂ(l),,.,,, ?e xp+2+k
7m0 k=0 Vo1 B)pree P+ D! (p+2+k)!
- i i (@), (1), (1), ()P x*

=0 k=0 Pt B)pizex Dpien o' k!

_atx? 2 i (a+1), M), (D, (x)? xk
T 298G+ 1) pt im0 B+, B G+, p' k!

and the result is proved.

We observe from Eq. 4 that the behavior of Mla. 1; v, 5; tx, ] on || = 1 is easily deduced
from that of ,F\la,l;y:t]. In particular we obtain from Eq. 4

3 a2, 5 alz? 7!
ML L 5, 5 et = 3, 3t &
-1
+ 1,(2) j‘u_-n (5)
5 . a2 7. a’z? 7?
M2 1. 5. 2 = 4l 240 RN thrmtiy
-
+ 210 %—‘l——i—l 6)
z 1-a? 2

Observing that
m}a Mla.B.y. 8. x, yl = (a/y)xMla + 1,8,y + 1, 2, x, y]

SoF -, 8, xI =8+ x,F,M1;2,8 +1; x]
WFila, 1,y 1] =1 = (at/y),Fila + 1,1,y + 15 ¢}
T+ 1) 1,(z) =(2/2)" oF\[-. v + 1; 2%/4]

we may use Eq. 4 to obtain

2,2 2
20la+ 1,1, 12, 3.y+1~,f4i, Z) = 8(21,(2) - 2}
al?’ a alz? 22
+ — L
74 7+lQla,+21|437+2 5 (7

This latter equation may also be obtained directly from the definition of Q.

o L4 - - D R ]
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We shall also need the following generating relations:

Lla,B:v.8, x,y] = ..2-'0 (7) (8) m! Flgsm+y, m+38;y) (8)
Q[aﬁypvkxyl-z (@) (B)n iF[y'm+p, m+ v, yl 9)
T 0 (u) Wy N, m! 1728rs ’ ’

Observe that L is a special case of Q, i.e.,
Qla, A, B.y.6,A; x,y] = Lla, B; v, 8; x, y]
which aiso follows from the definition of Q.

REPRESENTATIONS FOR K, (a, z2) AND RELATED INTEGRALS

Using the result
Ko(Z)l](Z) + Kl(Z)lo(Z) - l/Z

after substitution of Egs. 5 and 6 into Eq. 1 we obtain

K,o(a.z)-zKo(z)A(a.z)+zK|(z)B(a,z)+a (10)
where (on using Eq. 7)
Ala, ) = [% 1 % % “;’2. 272] 720 7 ":’2, 2+ 2 (20,(2) - 2}
b b3 2 o 4
B(a.:)E:L[%‘l;%—. -g- ":‘2.’721 % “izz.él—a

We observe that not only have the singularities at a = +1 in Eq. 1 been removed, but Eq. 10 is valid
everywhere in the complex a-plane.

We may obtain a somewhat simpler representation for K, (a. z) by using {s. p. 891

: m+1 m+3
J, " Kot ar - | Ko(2) Fl1, & > T 2
™2 m+3 m+3 !
m 1) K,(2) \F,l1. Ty 41 (1n
which is valid for all nonnegative integers m. Since
K a.0= [ e Kolvdim 3 S [T Ky dt+ & =T [ Ky
0T T o 0 = (2n)t Jo 0 = 2n+ D Yo o
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we obtain after a straightforward computation using Eqs. 8, 9, and 11

K.(a,2) = zKy(2) Ala, 2) + 22K,(2) B(a, 2) (12)
where
- =yl .1 3 a% 2 az ) 3. 4% 2?
Ala,2) = Llo, 1 o, 55 55, 1+ 5 ol L 11,2, 55 ==, ]
~ — (1 .3 3 a2 22 az ) 3. a%2 2
Bla,2) = LI3, 11 5, 53 =5, 1+ ol 1,1,2,2, 53 ==, I
In addition we easily obtain from Eqs. 10 and 12
z 1 .1 3 —a¥2 2 2 1 . 3 3 —a¥? 2
J;cosatKo(l)dt zKo(z)L[2,1,2,2. 7 4]+zK|(z)L[2,1,—2-,2, ot 4]

z a’z! . 5 —a’z2? 22
_‘; sin at Ky(1)dt = a — az K,(2) ll + % 0l2,1,1, 3,3, 3 T —4—]]
a’z az® . 7. —-a¥? 7!
+ K@ i - 20 + S 00,1, 14,3, 3 T2 I
alzt S —aqlz? 22
- —_ + . - =
a—azK,(z) {1 %6 Ql12,1,1,3,3, 3 T4 4]l
_ a2 . 5 —al? 2
24 KO(Z)Q[2t 19 l, 2v 3s 2’ 4 4]

az? o, 3
2 IKO(Z) Q[I' 19 ls la 2; 2 . 4 ’ 4

~
~

z _ 3. -a¥2 2
+2K|(Z)Q“,l,l,2,2, 2’ s 4]

REDUCTION FORMULA FOR Qla, 1, 1; v, 8, 8; x, x]

We may write

had (a),,,(l),,,(l),, xmtn

Ol 1. Ly, 8. pixxl = B B o B maa @ min

me=0 n=0

x?
(y),(8),

) (a),,
-3l £ B

p=0 | m=0
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Then using [6, Eq. 7.1.1, p. 151] the result -,:
(@) 1 (@+1) -
,§, @, T-pta | "Bt .
we easily obtain the reduction formula .
Qla, 1, 1,7, 8, 85 x, x] = — l; 7 1Ry, 8 xl + a+ﬁ+l 2Fill, @ + 15y, 8, 8; x] -
In particular we have fr
"
Qla~-1,1,1;a,3,a - %; x,x]=(3-2a) F,{1;3,a;x] -2(1 - a) \F,[1;3,a ~ %; x] fi:'
It is easy to verify that _:.‘,
3
I
2 \Fi3,a;x1=2(a - D(a -2 { Fl—;a -2 x] - a:’Z l 2
.u‘::
so that :
Qla-1,1, l;a.3,a—%;x.xl- ;:Z
_ _ ™
(a 1);220 3) 1+ (Q2a - 5) oF|[—;a - %; x]—2(a -2) oF|l-;a -2, x] l O
N
\
from which we obtain
) 5 2 2 96 ’f:
02,1, 1:3,3, 51 5, -1 = 23 (1 + cosh & — 2Uola)) (13) i
7. a® a?, 240 inh 81,(a) .
0B, 1,1:4,3, . &, -1 = ol LR ““a *-— (14)
We may obtain also & :
2 g2 'l
ol 1,1:1, 2, % & - % (sinh a — 1,(a)) (15) N
]
2 -
ol 1,1:2,2, —;- e - :",— (cosh a — Iy(a)) (16) :
3
1 2
Q12,1,1;2,3, % . %)= 3‘:- {sinh a — 21,(a)} an b
4 4 a t
)
Equations 13-17 may be used with Eqs. 10 or 12 to obtain Egs. 2 and 3.
ASYMPTOTIC FORMULAS FOR L, M, Q .:;
S'
A computation similar to the one employed in obtaining Eq. 4 gives ‘ ;‘,
Qla, 1, I, pu, v, A; ox, x] = ,F\la, 1; A; 1] | F5l1; , v; x] ]
& (a+ l)m+n (l)m(l)n ()™ " 0
! ,,;o ,,;0 AN+ W), m '
0y
.‘l
6
- PP -~ v, f* ¥
) ,."'t,ﬁ'-g'f u‘.,'f\\i(.‘ o ‘u‘n‘n“.\ o ﬁ LH e .‘:‘.'“, » s ‘ {1.1" ‘ '4" - 2 -r -( :'r-"""s 1- \fs"xv\. '\ -‘\ \"s =0
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From this we easily obtain

Qla, 1, 1; u, v, A; &x, x) = 3Fla, 1; A; t] Foll; e, s x]
(at+ 1),

a o0
- = —_— " La+l+na+14+n u, v x] (18)
A'E{,(x+l),'2F’[ a n n, m, v

Now using asymptotic expansions for ,F, for fz] — o0 and 0 € p £ ¢ developed by Meijer in 1946
(S, p. 7-12} we obtain for @ + 1, A + 1, u, v not a negative integer or zero

JFill,a+ Y+ n A+ 14 0, u, v, 2x¥/4] ~

1L ATrEre A+, ol p 8, G
Y ol @T(1/2) @t D, & Nt

where

p=32+a-A-—u—-v lix| =, larg x| < w/2
Using this result with Eq. 18 while ignoring the subdominant terms
cn/ (x)™ = cola, Ay, v, n) (X))™ . m=1,2 3, ...

gives for 0 < 1l < 1 x| — oo, |arg x| < #/2

2.2 2 2
1'x X - X
Ola. 1.1 . s A, R | 3N PR TR W Z) IV 3 | RS v )

I Fltra) o2

Ydea .
2 1ra/ 20 (a) 1 -2 e* (ix/2) A n

and as 4 vorollarn we have tor A = |

\ x2
lla | u [ DAY Y N | IR Tl
bl () [ 12e
- SR _ Ix (tx 2) a u v
YTt 122 € /

We may diseo show that tr - 1« v —~m a u v. A >0 p=32+a-~A—u—v»

2

. X
Fla toa - 2L B0 e =)

Qlu.llylA 4

TiheIra 8
/DM @) 1+ ¢

(ex/2)° cos (ix + %p)
andforA =1l p=1/24+a u - »

P’x! x 2

Ir'x x, U x
4 N 4] (l tY) IFZI"“'V' 4]

~

Lla, L . v, —

()T ) ? n
(1x/2)* cos (tx + = p)
T/ @) 14 8 /2" cos 2 P

NI R
4 & }-'v

,l .
Jo ]

YY)

'\\\ \-‘\"\ »
AR

5% -
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In addition we have the following:

0222 .l. r(‘y)r(a) e% (az/z) 1/24a~y—8

) a7 o
Mla, B v. 8 == @'l ~ 5 T/ @) (1-g)8
0 < lal <1, |z| = oo, larg az|l < #/2
1
2 1/2+a-y-8 + LR + - -8
Ml By, 5. _at? . I ()I(5) (az/2) cos laz + - (5 +a~y )]

2 " T TO/r@ (1 + g)B
0<a<l z—o, a,8,7,8>0

Although these relations per se may be of some interest, they are not particularly useful in obtain-
ing asymp'ntic expansions for, say, K,o(a, z). However, we may easily obtain, for example, the com-

plete Lipschitz-Hankel integral K, (—a, =) = cos la/v1 — a?, Rea > —1.
SUMMARY

Various representations for the incomplete Lipschitz-Hankel integral K,o(a.z) and related

integrals have been given in terms of elementary, cylindrical, and Kampé de Fériet functions. In addi-
tion some properties of the Kampé de Fériet functions associated with these integrals are derived.
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